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Exterior Calculus + Fourier Transform
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Vector Calculus is everywhere
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Structural ldentities
The nature of PDEs

curl c grad = 0 div o curl =0

= Violate Structural Identities — Numerical Scheme breaks!
» Spurious Solutions
» Unphysical Fields
» Magnetic Monopoles



The de Rham Complex

Connecting the Differentials

grad curl div

H(grad;Q) — H(curl;Q) — H(div;Q) — L*(Q)

curlograd =0 divocurl =0



The Discretization Frameworks

Structure Preservation is key!

= Mesh-based

= Continuous forms are replaced by
discrete surrogates (cochains)

= Structure preservation must be
carefully constructed

Mesh-free

Basis functions are genuine
continuous forms
Structure preservation is
automatic.



The de Rham Complex

Everything is a Differential Form

rad cur iv
H(grad; Q) — H(curl;Q) S H(div; Q) 5 L2(Q)
curlograd =0 divocurl =0



What is a Differential Form?

Differential k-form w € A¥(Q) is a k-dimensional integrand!
Encodes orientation and antisymmetry.

point/scalar: «a =
curve/circulation : g = doe + e dy + dz
surface/flux : ~v=50de ANdy+2de Adz+2dy A dz
volume/density : § = dz A dy A dz

Unifies integration over k-dimensional submanifold M C €.

/ v dim(M) =k weA(Q)



The Exterior Derivative

One derivative to rule them all.

grad f = (d,f)°
d, : HA" — HAFH1 ﬁ
2 —ded—0 curlu = (*d ub)

divu = xd.xu’



Differential and Codifferential

Codifferential

5 AF(Q) = AF1(Q)

grad | —div

Defined as L?-adjoint
curl | curl

0 :=d" div | —grad

<dOé, B>L2 — <Oé, 5ﬂ>L2
Together build the Hodge-Laplacian
A =dd—+od



Hodge-Helmholtz Decomposition

on trivial topologies

Every k-form splits as

w=Jda + of

exact coexact
Exact Coexact
36 : df = « 36 : 00 = «
image of d image of ¢




Helmholtz Decomposition of Vector Fields

Mixed curl-free (exact) div-free (coexact)

[a:—y,y—l—ic] [ZE,y]



The Fourier Transform
Why relevant for PDEs?

Turns differentiation into multiplication.

d .
£|—>Z€

Differential equations become algebraic equations!

—uw + u=f = (€+Na=7f

Does this also happen in higher dimensions?



Vector Calculus becomes Vector Algebra

in the Frequency Domain

grad f =V f —  iEf
curlu =V xu B E€Xu

divu=V-u +— & -1



Exterior Calculus becomes Exterior Algebra

in the Frequency Domain

dw = L ew
ow = €AW

where
= ;¢ is the interior product (contraction) with i§
= i€ A - is the wedge product (extension) with £



The Spherical Geometry of Derivatives

in the Frequency Domain

Write the frequency vector in spherical coordinates:
§ = [€|d7

where 7 is the unit radial frequency basis. Then:

dd = i[€] 1p /05 ©

A

i|€| 907 A &

Both operators factor into a scalar part ¢|£| and a purely geometric part that acts
only in the radial direction.



To be, or not to be radial

= The contraction tg,4; strips off the radial component 9/0% from a form.

~ d A
W,g 0/00 — . ,0/00
= The wedge 0/07 A attaches a radial component.

0,8/00 5 9/80

All of multidimensional calculus just becomes adding and removing radial
components!



Trivial Structural ldentities

You cannot remove a radial component twice.

dod =159 ta/0r = 0
You cannot have two radial component by antisymmetry.
§06=0/0rND/OF =0

Laplacian: Geometric parts compose to identity, leaving only a scalar.

A =ds+4d = ¢



Trivial Hodge-Helmholtz Decomposition

via Fourier

Hodge-Helmholtz becomes basic geometric fact.

All forms split into two orthogonal types:
= Tangential/Exact forms &
= Radial/Coexact forms @;

The differentials move between them:

~ Lo/ow
d : radial — tangential

. PA
) : tangential ™ radial



Spectral exterior calculus to solve PDEs

Numerical methods? — We need to construct basis functions!

Requirements:
= meshless
= continuous basis functions b € ('°°



Spectral exterior calculus to solve PDEs

Numerical methods? — We need to construct basis functions!

Requirements:
= meshless
= continuous basis functions b € C°°

Inspired by Fourier: Use plane waves in space.
b(z) = e%0% = cos(£yx) + isin(&yx)

— classical spectral method.



The Localization Tradeoff

Position vs Frequency

eo? & §(€—&)
) Zero position localization.
Classical spectral method.



The Localization Tradeoff

Position vs Frequency

et & §(E— &) Sz —xy) & €%t
)X Zero position localization. )X Zero frequency localization.
Classical spectral method. Spirit of finite elements.



The Localization Tradeoff

Position vs Frequency

et & §(E— &) Sz —xy) & €%t
) Zero position localization. ) Zero frequency localization.
Classical spectral method. Spirit of finite elements.

Any function occupies a region of area > % in the position x frequency space.

Az A€ > %



Strike a Balance

Need localization in both.
— Handle global/periodic and local/singular phenomenon alike.



Strike a Balance

Need localization in both.
— Handle global/periodic and local/singular phenomenon alike.

The Gaussian

= Same localization in both domains,
minimal uncertainty overall.

1 1 1
ArANE = —— = —
$= BV 2
= Fourier self-dual.

2 2
e~ /2 Ty e—§ /2



Wavelets

Functions localized in both space and frequency

Morlet Mexican Hat Haar

U i INNIN

Wavelets can be scaled and translated.
= large scale 4+ narrow in frequency — smooth /periodic phenomena
= small scale + wide in frequency — sharp/singular phenomena



Polar Wavelets

Exterior Calculus is spherical in frequency space.
— Define wavelets in spherical frequency coordinates £ = (p, 0)

A

V(p,0) = h(p) - g(0)

= h(p) radial factor: where d and ¢ act
= g(#) angular factor: directionality; from isotropic to curvelet



Polar Wavelets

Exterior Calculus is spherical in frequency space.
— Define wavelets in spherical frequency coordinates £ = (p, 0)

A

V(p,0) = h(p) - g(0)

= h(p) radial factor: where d and ¢ act
= g(0) angular factor: directionality; from isotropic to curvelet

The Hodge decomposition is built-in:

Pd € im(d) 0 € im(6)



Differential Form Wavelets

» form degree k

Zpg’y = type v € {d,d}

» geometry s = (4, k,t) — scale, translation, orientation.



Differential Form Wavelets

» form degree k

Zpg’y = type v € {d,d}

» geometry s = (4, k,t) — scale, translation, orientation.

Wavelets are built with de Rham complex in mind!
— Differentials map one wavelet to another. Geometry s unchanged!
— Structural ldentities elegantly fulfilled.

dipg® = ggthe dygd =0



The Main Message

multidimensional calculus

! The de Rham complex reduces to:
exterior calculus Radial vs Tangential
!
frequency space Polar wavelets respect this by construction.
! — Structure preservation is free.

spherical coordinates



The End.



Frequency Space R"

The dual space of position space

The Fourier exponential e**"s» must be coordinate-independent.
Under 2P - AzP we need £, — £ /X

position, vector, frequency, covector,
transforms with basis change transforms against basis change

R™ = (R™)*.  The pairing (£, z) = §,xP is canonical — no metric required.

¢ is a stack of parallel hyperplanes (wavefronts of €4»*"). The pairing counts
how many wavefronts x crosses.



The Fourier Transform Changes Variance

Covariant spatial forms become contravariant frequency multivectors

Built from dz* € T*R" Built from 9/9¢; € TR"
Covariant — eat tangent vectors Contravariant — eat covectors

The Fourier transform is a map between a vector space and its dual. In flat R”
these are identified by the metric, but the distinction is real.



The Fourier Transform Changes Degree

Integration in space becomes point evaluation in frequency

An n-form integrated over R® — a 0-form evaluated at a point.

(z) dzt A - Adz™ = (27)2f(0)
]R'n,

F : AF(R") — An=F(R)

The k occupied directions are consumed by integration. The remaining n — k
become the basis of the output form in frequency.
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